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Abstract
Single-photon states, which carry quantum information and coherently interact with quantum systems, are vital to the
realization of all-optical engineered quantum networks. In this paper we derive the analytical form of the output field state
for a large class of quantum finite-level systems driven by single-photon input field states using a transfer function approach.
Single-photon pulse shaping via coherent feedback is also studied.
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1 Introduction
In classical (non-quantum) control theory, responses of
systems to various types of input signals reveal impor-
tant system properties. For example, in the linear case,
step response tells us the rise time, overshoot and set-
tling time of the system, frequency response shows the
ability of the system to track rapidly changing signals,
impulse response allows to calculate the H2 norm of the
system, response to L2 signals reveals the robustness of
the system to disturbance measured in terms ofH∞ per-
formance, and response to Gaussian white noise is the
foundation of the celebrated Kalman filtering theory,
which is the basis of Linear-Quadratic-Gaussian (LQG)
feedback control. In the quantum regime, the response
of quantum systems to quantum Gaussian input states
has been studied intensively due to the prevalent use of
Gaussian states such as vacuum states, coherent states
and squeezed states. This is the basis of widely applied
measurement-based quantum feedback control in quan-
tum optics [21].
However, besides Gaussian states, there are many other
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useful quantum states such as single-photon and multi-
photon states. Simply speaking, a light field is in an
n-photon state if it contains exactly n photons. When
n = 1, the light field is in a single-photon state. When
n ≥ 2, we simply say it is in a multi-photon state. Single-
photon states and multi-photon states are very useful
resources for quantum information technology. For ex-
ample, photons are ideal information carriers that trans-
fer quantum information from one node to another node
in a quantum network [5,16,14]. It is possible to build a
quantum switch [4] which uses a single photon as con-
troller to switch on and off a physical process. last but
not the least, the ability to control the flow of single pho-
tons using on-chip finite-level systems could give birth
to a new generation of light transistors [3]. Therefore,
the analysis and control of quantum systems driven by
single-photon or multi-photon states is important for a
successful quantum engineering.
In the linear regime, the response of quantum systems to
single-photon and multi-photon states has been recently
studied in [25,24]. Moreover, interestingly, it is shown
that linear quantum systems theory turns out quite use-
ful in the study of quantum memories where a single-
photon is efficiently stored and read out by a collection
of atoms [10,22,15].
In this paper we go beyond the linear regime and study
quantum finite-level systems driven by single-photon
Preprint submitted to Automatica 23 October 2018
ar
X
iv
:1
41
2.
12
73
v4
  [
qu
an
t-p
h]
  4
 M
ar 
20
16
states. Quantum finite-level systems, for example two-
level atoms, are nonlinear quantum systems. The study
of the interaction between finite-level systems and
single-photon states are fundamental to the study of
light-matter interaction, which is the foundation of engi-
neered integrated quantum networks [5]. The interaction
between finite-level systems and single-photon states
has been studied extensively in the quantum optics com-
munity [5,20,26,6,8,23]. Unfortunately, most studies are
usually based on various assumptions such as weak exci-
tation limit and primarily focused on two-level systems.
In this paper we show from a control theoretic point
perspective that, for a large class of quantum finite-level
systems driven by single-photon states, the analytical
expression of the output field state can be derived, cf.
Theorem 5. Interestingly, due to the special nature of
single-photon states, the techniques developed for the
linear case in [25,24] can be adopted here to show that
the pulse shape of the output single photon is obtained
via the linear transfer of the input single-photon pulse
shape. Based on this analysis result, we also investigate
how to manipulate the pulse shape of single-photon
wavepackets by means of coherent feedback.
The rest of the paper is organized as follows. In Sec-
tion 2, we introduce the existing results on quantum
stochastic differential equations, the response of linear
systems to single-photon states, and finite-level systems
(Subsection 2.3). In Section 3, we prove the main result
that the input-output relation for a large class of finite-
level systems can be solved using a transfer function ap-
proach. In Section 4, we present some applications of the
main result. We study in Section 5 how to use coherent
feedback to manipulate the pulse shape of single-photon
wavepackets. Conclusion is put in Section 6.
2 Notations and preliminaries
We use X† to denote the adjoint of an operator X de-
fined on a Hilbert space H. The notation ∗ stands for
complex conjugation, and T for the transpose. X† = X∗
if X is a one-dimensional scalar. The commutator of
two operators is given by [A,B] = AB − BA. We also
define the doubled-up column vector of operators as
X˘ = [XT , X†]T . We use δ(·) for the Dirac-delta func-
tion, and the symbol ⊗ for the Kronecker tensor prod-
uct. <(·) and =(·) are the real part and imaginary part
of a number. The Fourier transform of a function f(t) is
defined by f˜(ω) = F [f ](ω) := ∫∞−∞ e−iωtf(t)dt.
2.1 Open quantum systems
An open quantum system often involves a plant inter-
acting with external environment which is defined on a
Fock space HB over L2(R+, dt). The open quantum sys-
tem can be properly modelled using a triplet (S,L,H0)
[9,7,8]. S is a constant scattering matrix. The plant is
coupled to the external fields through the operator L.
We assume L = [c1L0 · · · cKL0]T = θTL0, that is, the
plant couples to the environment through K channels
via the same coupling operator L0. H0 is the Hamilto-
nian of the plant. The state of the total system (plant
plus field) undergoes a unitary evolution generated by a
unitary operator U(t, t0) whose dynamics is given by
dU(t, t0) = {b†(t)L−L†Sb(t)− (1
2
L†L+iH0)dt}U(t, t0)
(1)
for t ≥ t0, where t0 is the initial time. In Heisenberg
picture, the evolution of a plant operator X is given by
X(t) = U†(t, t0)(X ⊗ I)U(t, t0), where I is the identity
operator on HB . Driven by canonical input fields, the
dynamics of X(t) is described by quantum stochastic
differential equations (QSDEs) of the form
X˙(t) = Gt(X) + b†(t)S†[X(t), L(t)]
+ [L†(t), X(t)]Sb(t), (2)
bout(t) =L(t) + Sb(t),
where the generator Gt(X) is defined as
Gt(X) :=−i[X(t), H0(t)] +
K∑
k=1
(L†k(t)X(t)Lk(t)
−1
2
Lk(t)
†Lk(t)X(t)− 1
2
X(t)L†k(t)Lk(t)). (3)
By the form of the operator L discussed above,
we have Lk = ckL0 for k = 1, ...,K. In Eq. (2),
b(t) = [b1(t) · · · bK(t)]T is a vector of annihilation op-
erators for input field modes which satisfy the canonical
commutation relation [bi(t), b
†
j(s)] = δ(t − s), i = j
and [bi(t), b
†
j(s)] = 0, i 6= j resembling classical
white noise if the field is vacuum. Physically, bi(t)
and b†i (t) can be understood as the annihilation and
creation of one photon in the i-th channel at time t.
bout(t) = U
†(t, t0)b(t)U(t, t0) defines the annihilation
operators of the output fields. For later use, we define
f(t, t0) = [f1(t, t0) ··· fK(t, t0)]T := U(t, t0)b(t)U†(t, t0).
Finally, if ρ is the state of the total system, the state of
the field can be obtained by tracing out the plant [14],
that is, ρfield = Trs(ρ) :=
∑
j〈js|ρ|js〉, where {|js〉} is
the basis of system Hilbert space H.
2.2 Response of linear quantum systems to single pho-
ton input
If the plant is a collection of quantum harmonic oscilla-
tors, Eq. (2) describes a linear quantum system as
˙˘x(t) =Ax˘(t) +Bb˘(t),
b˘out(t) =Cx˘(t) +Db˘(t), (4)
2
where the constant matricesA,B,C,D can be expressed
by S,L,H0, see e.g. [25,24]. The input-output relation
of this system can be written as
b˘out(t) = Ce
A(t−t0)x˘(0) +
∫ t
t0
gG(t− r)b˘(r)dr, (5)
where
gG(t) :=
{
δ(t)D + CeAtB, t ≥ 0,
0, t < 0.
(6)
The response of quantum linear systems to single pho-
ton input has been studied in detail in [25,24]. A single-
channel single photon input is defined by, [13,8,25,24],
|1ξ〉 =
∫ ∞
−∞
ξ(r)b†(r)|0〉dr, (7)
where ξ(r) represents the pulse shape of the single pho-
ton in the time domain. Here |0〉 denotes a one-channel
vacuum input. |ξ(r)|2dr is the probability of finding the
photon in the time interval [r, r+dr), and we have a nor-
malization condition
∫∞
−∞ |ξ(r)|2dr = 1. Denote by G(s)
the transfer function determined by gG(t) in Eq. (6).
Then it is shown in [25] that the pulse shape ξ
′
(t) of the
output field state is given in terms of the input-output
transfer ξ˜
′
(ω) = G(iω)ξ˜(ω). For multiple-channel input,
the single photon state may be defined as a superposi-
tion of one-photon excitation on multiple channels and
thus given by
|1ξ〉 =
K∑
k=1
∫ ∞
−∞
ξk(r)b
†
k(r)|0〉dr =
∫ ∞
−∞
b†(t)ξ(r)|0〉dr
(8)
with
∑K
k=1
∫∞
−∞ |ξk(r)|2dr = 1 and ξ(r) = [ξ1(r) · · ·
ξK(r)]
T . Here |0〉 denotes a multi-channel vacuum input.
The following result will be used later.
Lemma 1 ([24, Lemma 2]) Suppose A is Hurwitz. Let-
ting t0 → −∞, Eq. (5) becomes a convolution
b˘out(t) =
∫ ∞
−∞
gG(t− r)b˘(r)dr, (9)
or equivalently,
b˘(t) =
∫ ∞
−∞
gG(t− r)f˘(r,−∞)dr. (10)
Moreover, the stable inversion of Eq. (10) exists and is
given by
f˘(t,−∞) =
∫ ∞
−∞
gG−1(t− r)b˘(r)dr. (11)
The formula to compute the stable inverse function
gG−1(·) is given in [25, Eq. (19)].
Following a similar argument as in the proof of Propo-
sition 2 in [25], we have
Lemma 2 If the single photon input |1ξ〉 is defined by
(7), the output state of the total system in the limit (t0 →
−∞, t→∞) can be written as
ρ∞ =
∫ ∞
−∞
drξ(r)f†(r,−∞)ρ∞g
∫ ∞
−∞
drξ∗(r)f(r,−∞)
(12)
with ρ∞g = limt→∞,t0→−∞ U(t, t0)ρ0U
†(t, t0), where ρ0
is the initial state of the total system defined as ρ0 =
|0s〉〈0s| ⊗ |0〉〈0|.
2.3 Quantum finite-level systems
A quantum N -level system has states residing in the
Hilbert space H = CN . Let |0s〉 denote the ground state
of an N -dimensional system, and {|js〉, j = 1, 2, ..., N −
1} denote its excited basis states. Then 〈0s|js〉 = 0
for j = 1, 2, ..., N − 1. The Pauli operator σz for a
qubit is defined as σz = |1s〉〈1s| − |0s〉〈0s|. The rais-
ing and lowering operators for the qubit are given by
σ+ = |1s〉〈0s|, σ− = |0s〉〈1s| respectively.
For a quantum N -level system, the commutators
[X,L] and [L†, X] in Eq. (2) usually are not con-
stant, instead they are often operators, so the term
b†(t)S†[X(t), L(t)] + [L†(t), X(t)]Sb(t) in Eq. (2)
is in general nonlinear in b(t). For example, con-
sider a two-level system described by the triplet
(S,L,H0) =
(
1,
√
κσ−, ωc2 σz
)
. Here, ωc is the transition
frequency between the ground and excited states. And
κ is a parameter defined by κ = 2pig2, where g is the
coupling strength between the system and field. For this
system, Eq. (2) becomes
σ˙−(t) =−(iωc + κ
2
)σ−(t) +
√
κσz(t)b(t), (13)
bout(t) =
√
κσ−(t) + b(t). (14)
Due to nonlinearity, most studies of the interaction of
quantum finite-level systems and single-photon states
are often based on various assumptions such as weak
excitation limit and are primarily focused on two-level
systems.
3 Main results
In this section, we prove that the response of a class
of quantum finite-level systems to single-photon input
can be analytically solved using a transfer function ap-
proach. Recall that L = θTL0.
3
Lemma 3 Assume the interaction between the plant and
the input field is given by the triplet (S,L,H0) and
H0|0s〉 = α|0s〉, L0|0s〉 = 0 (15)
for some constant α. Then the following equalities
U(t, t0)|0〉|0s〉 = exp(iαt)|0〉|0s〉, (16)
and
U†(t, t0)|0〉|0s〉 = exp(−iαt)|0〉|0s〉, (17)
hold for some phase shift exp(iαt).
Proof. Considering Eq. (1) and using the assumptions,
we have
〈0|〈0s|dU(t, t0)
= 〈0|〈0s|{b†(t)L− L†Sb(t)− (1
2
L†L+ iH0)dt}U(t, t0)
=−iαdt〈0|〈0s|U(t, t0). (18)
Therefore we have 〈0|〈0s|U(t, t0) = e−iα(t−t0)〈0|〈0s|,
which proves Eq. (16). Eq. (17) is obtained using (16):
U†(t, t0)U(t, t0)|0〉|0s〉 = U†(t, t0) exp(iαt)|0〉|0s〉
⇒U†(t, t0)|0〉|0s〉 = exp(−iαt)|0〉|0s〉. (19)
2
Lemma 3 says if the plant Hamiltonian and plant-field
coupling don’t generate photons, then the field will re-
main vacuum and the plant at its ground state.
Lemma 4 If the input to theN -level system is the single
photon input |1ξ〉 defined in (8), then the output field
state is
ρ∞,field = Trs(ρ∞)
=
N−1∑
j=0
〈js|
∫ ∞
−∞
dtf†(t,−∞)ξ(t)|0s〉|0〉
×〈0|〈0s|
∫ ∞
−∞
drξ†(t)f(t,−∞)|js〉. (20)
Proof. Following the techniques in [25], ρ∞ can be
obtained by extending upon the derivation of Lemma 2.
Then ρ∞,field is obtained by tracing out the plant. 2
The following theorem is the main result of this paper,
it gives the analytic expression of the output field state
of a large class of quantum finite-level systems driven by
single-photon input states.
Theorem 5 In addition to the assumptions in Lemma
3, if
〈0s|[L0, H0] = 〈0s|βL0, [L†0, L0]|0s〉 = h|0s〉, (21)
and
<(a = −iβ + 1
2
K∑
k=1
|ck|2h) < 0, (22)
hold with β and h being constants, then the output field
state in response to a single photon input |1ξ〉 as defined
in (8) is given by
ρ∞,field = |1ξ′〉〈1ξ′ |, (23)
where the pulse shape ξ′ is given by the linear transfer
ξ′(t) =
∫ ∞
−∞
gG−(t− r)ξ(r)dr
with the impulse response function being
gG−(t) :=
{
hθT (θT )†eatS + δ(t)S, t ≥ 0,
0, t < 0.
(24)
Proof. h is real because it is an eigenvalue of a Hermi-
tian operator [L†0, L0]. According to Lemma 4, we need
to solve for 〈0|〈0s|f(t,−∞)|js〉. By Eq. (2), we have
L˙0(t) = Gt(L0) + b†(t)S†[L0(t), θTL0(t)]
+ [(θTL0(t))
†, L0(t)]Sb(t), (25)
bout(t) =L(t) + Sb(t). (26)
Particularly by (25) we have
〈0|〈0s|L˙0(t)
= 〈0|〈0s|(Gt(L0) + [(θTL0(t))†, L0(t)]Sb(t))
= 〈0|〈0s|aL0(t)
+〈0|〈0s|(θT )†U†(t, t0)[L†0, L0]U(t, t0)Sb(t)
= 〈0|〈0s|(aL0(t) + h(θT )†Sb(t)), (27)
where Eq. (21) and Lemma 3 are used to derive the last
line. This is where the single-photon hypothesis plays a
key role. It can be seen clearly from Eq. (27) that the
nonlinear stochastic differential equation (25) is trans-
formed to a linear version under single photon driving.
Letting t0 → −∞, we can solve Eq. (27) and then com-
bine with Eq. (26) to yield
〈0|〈0s|bout(t)
= 〈0|〈0s|
∫ t
−∞
[hθT (θT )†ea(t−r) + δ(t− r)]Sb(r)dr. (28)
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By Lemma 3 and bout(t) = U
†(t, t0)b(t)U(t, t0), we can
express Eq. (28) as
〈0|〈0s|b(t) =
∫ ∞
−∞
gG−(t− r)〈0|〈0s|f(r,−∞)dr, (29)
where gG− is that defined in Eq. (24). Then by Lemma
1 we can apply stable inversion on Eq. (29) to get
〈0|〈0s|f(t,−∞) =
[
1 0
] ∫ ∞
−∞
gG−1(t− r)〈0|〈0s|b˘(r)dr.
(30)
Employing Lemma 1 in [25], we can obtain
[
1 0
] ∫ ∞
−∞
gG−1(t− r)b˘(r)dr
=
[
1 0
] ∫ ∞
−∞
[
gG−(r − t)† 0
0 gG−(r − t)
][
b(r)
b†(r)
]
dr
=
∫ ∞
−∞
gG−(r − t)†b(r)dr.
Eq. (30) becomes
〈0|〈0s|f(t,−∞) =
∫ ∞
−∞
gG−(r − t)†〈0|〈0s|b(r)dr. (31)
Therefore, the only nonzero term in {〈0|〈0s|f(t,−∞)|j〉s,
j = 0, ..., N − 1} is 〈0|〈0s|f(t,−∞)|0〉s. Then it is
straightforward to verify Eq. (23) is the output field
state. 2
It is worth mentioning that the coupling between a two-
level system and the input field is commonly modelled by
the operator L0 = σ−, even for multiple channels. This
L0 satisfies the condition Eq. (21) since [σ+, σ−]|0s〉 =
− I−σz2 |0s〉 = −|0s〉. Moreover, the conditions for H0
are often met. Therefore, as shown in the next section,
Theorem 5 is applicable to a wide range of qubit systems.
If the coupling is modelled by other system operators,
e.g. L0 = σx = |0s〉〈1s| + |1s〉〈0s|, then the system-
environment interaction σx(b(t) + b
†(t)) may generate
photons when acting on the vacuum state |0〉|0s〉. When
there exist more than one photons, the system may not
follow linear dynamics due to nonlinear photon-photon
interaction.
Also note that the coupling operator for a linear optical
cavity is usually a− and it satisfies [a+, a−] = −1, where
a+ and a− are the creation and annihilation operators
of the cavity mode respectively. This explains why the
two-level system with L0 = σ− may exhibit linear input-
output relation under single photon driving.
4 Applications
In this section three applications drawn from the quan-
tum physics literature are used to illustrate the useful-
ness of Theorem 5.
4.1 Two-level system:one input channel
We consider the quantum two-level system (13)-(14)
driven by a single-photon state (7). Applying Theorem
5, the output pulse shape is calculated to be
ξ
′
(t) =
∫ t
−∞
[−κe−(κ2+iωc)(t−r) + δ(t− r)]ξ(r)dr. (32)
Also, we can easily obtain the Fourier transform of (32)
using the convolution theorem:
ξ˜
′
(ω) = ξ˜(ω)
−κ2 + i(ω + ωc)
κ
2 + i(ω + ωc)
:= ξ˜(ω)G(iω), (33)
The single photon response of two-level systems has been
extensively studied in physics, see e. g. [19,26]. Here we
obtained the analytic form of the output field state with-
out making any physical approximations such as weak
excitation limit or scattering modes. Compared to the
results obtained in [25], the output state is analogous to
the output of a single-mode linear system in response to a
single-photon input. This observation is consistent with
the existing results from [19,6,26], where the authors
have found that the transmission and reflection spec-
trums for the single-photon transport through a two-
level system are analogous to the scattering spectrums
for linear cavities. We can apply zero-dynamics princi-
ple [23] for studying the full inversion of the states. To
remove the zero from the transfer function, we should
choose the input as ξ˜(iω) =
√
κ/(−κ2 + iω + iωc). The
inverse Fourier transform of the input yields ξ(t) =
−√κe(κ2−iωc)t(1 − u(t)), with u(t) being the Heaviside
step function. The input pulse is exponentially rising but
with a resonant phase component till t = 0 in time do-
main. This inverting single-photon pulse matches the ex-
isting designs for the inversion of two-level atoms [5,18].
4.2 Two-level system:two input channels
The system is described by the triplet (S,L,H0) =
(I2, [
√
κ1
√
κ2]
Tσ−, ωc2 σz). Let the input photon enter
the plant from the first channel
|1ξ1〉 =
∫ ∞
−∞
ξ1(r)b
†
1(r)|0〉dr. (34)
In this case, the second-channel input is a vacuum state.
The output field state is calculated to be |Ψout〉〈Ψout|,
5
where we define
|Ψout〉 =
∫ ∞
−∞
ξ
′
1(t)b
†
1(t)dt|0〉+
∫ ∞
−∞
ξ
′
2(t)b
†
2(t)dt|0〉.
(35)
The shapes of the output pulses in these two channels are
given by ξ
′
1(t) = ξ1(t)−κ1η(t) and ξ
′
2(t) = −
√
κ1κ2η(t),
and η(t) is expressed as
η(t) :=
∫ t
−∞
e−(iωc+
κ1+κ2
2 )(t−r)ξ1(r)dr. (36)
Define two transfer functionsG1(iω) andG2(iω) in terms
of ξ˜
′
1(ω) = G1(iω)ξ˜1(ω) and ξ˜
′
2(ω) = −G2(iω)ξ˜1(ω).
Simple calculation yields
G1(iω) =
−κ1−κ22 + i(ω + ωc)
κ1+κ2
2 + i(ω + ωc)
, (37)
G2(iω) =
√
κ1κ2
κ1+κ2
2 + i(ω + ωc)
. (38)
Physically, G1(iω) could correspond to a transmission
spectrum and G2(iω) could be related to reflection. Fur-
ther calculation shows
|G1(iω)|2 = 1− 4κ1κ2
(κ1 + κ2)2 + 4(ω + ωc)2
. (39)
By (39), if ω is largely detuned from the transition fre-
quency ωc of the qubit, we have |G1(iω)|2 ≈ 1 and the
photon will transmit with high probability. On the other
hand,
|G2(iω)|2 = 4κ1κ2
(κ1 + κ2)2 + 4(ω + ωc)2
. (40)
Since (κ1 + κ2)
2 ≥ 4κ1κ2 is always true, |G2(iω)|2 = 1
admits a solution if and only if κ1 = κ2 and ω = −ωc.
Only the frequency component in resonance with the
qubit can be perfectly reflected if the two channels are
coupled to the qubit with the same strength. If κ1 6= κ2,
there is no frequency component that can be perfectly re-
flected. These results support a theoretical understand-
ing of the numerical studies in [2].
4.3 Gradient echo quantum memory
Consider the finite input-output model for gradient
echo memories where N two-level atoms are intercon-
nected by series product [7] via one channel [10] . The
(S,L,H0) representation of the system is given by
(I,
∑N
n=1
√
κσn−,
∑N
n=1
ωc
2 σ
n
z +
κ
2i
∑N
j=2
∑j−1
i=1 (σ
j
+σ
i
− −
σi+σ
j
−)). A so-called weak atomic excitation limit is in-
troduced in [17,10] to approximate the atoms by linear
cavities in this memory model.
out in
two-level 
system
1 1
22
Fig. 1. The second output channel is directly fed back to the
system as the second input channel. The entry Sij in S is
the scattering coefficient from the i-th input channel to the
j-th output channel.
When the input to the memory is a single-photon state,
then the output of each atom is a single-photon state as
well, which implies that each two-level atom of the mem-
ory is driven by a single-photon state. As a consequence,
we can simply use the result from Section 4.1 to obtain
the pulse function of the output state of the memory as
ξ˜
′
(ω) = (
−κ2 + i(ω + ωc)
κ
2 + i(ω + ωc)
)N ξ˜(ω). (41)
The inverse Fourier transform of (41) yields the time-
domain output field state
ξ
′
(t) =
∫ t
−∞
dr[κNe−
κ
2 (t−r)1F1(1 +N, 2,−κ(t− r))
+ δ(t− r)]ξ(r), (42)
where we have used the the definition of Kummer conflu-
ent hypergeometric function 1F1(a, b, z) =
∑∞
k=0
a(n)zn
b(n)n!
with a(n) = a(a + 1) · · · (a + n − 1) [1]. Note that the
above procedure can be easily extended to calculate the
output state for atoms of different resonant frequencies
{ωnc }.
5 Single-photon pulse shaping by coherent feed-
back
In this section we study how to manipulate the pulse
shape of single-photon states by means of coherent feed-
back. The idea behind the coherent feedback is that only
quantum systems are used for control and hence all the
components have similar characteristic time scales. For
example, all-optical feedback has been used in practi-
cal control design which removes the slow and inefficient
measurement process from the feedback loop. For exper-
imental demonstrations of coherent feedback please see
[12,11].
Consider a two-channel two-level system with parame-
ters
(S, [
√
κ1
√
κ2]
Tσ−,
ωc
2
σz).
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We design a coherent feedback by linear fractional trans-
formation, as shown in Figure 1. In what follows we study
two cases.
Case 1: S is real. The resulting single-channel system is
given by the triplet (S11 + S12(1 − S22)−1S21, (√κ1 +
S12(1−S22)−1√κ2)σ−, ωc2 σz). Using Theorem 5, we can
solve for the transfer function of this system to be
G(iω)
= (S11 +
S12S21
1− S22 )
− (
√
κ1+
S12
1−S22
√
κ2)
2
2 + i(ω + ωc)
(
√
κ1+
S12
1−S22
√
κ2)2
2 + i(ω + ωc)
.
(43)
This suggests we can use S and κ2 to control the input-
output transfer function, and thus shape the output
pulse. For example, if S = [0 1; 1 0], i. e. the first-channel
input is scattering to the second-channel and directly
fed back to the system, then G(iω) = (− (
√
κ1+
√
κ2)
2
2 +
i(ω + ωc))/(
(
√
κ1+
√
κ2)
2
2 + i(ω + ωc)). The decay of the
two-level system is enhanced and the transfer spectrum
is made sharper compared to that in Eq. (33).
Case 2: S is complex-valued. A complex-valued ma-
trix S can be realized by interconnecting a beam-
splitter before the inputs entering the plant. In
this case, the triplet of the feedback network is
given by (S11 + S12(1 − S22)−1S21, (√κ1 + S12(1 −
S22)
−1√κ2)σ−, ωc2 σz + σz+12 =(
√
κ1κ2S12(1 − S22)−1 +
κ2S22(1 − S22)−1)). Using Theorem 5 and denoting
∆ := =(√κ1κ2S12(1 − S22)−1 + κ2S22(1 − S22)−1), we
can solve for the transfer function to be
G(iω) = (S11 + S12S21(1− S22)−1)
× −
(
√
κ1+
√
κ2S12(1−S22)−1)2
2 + i(ω + ωc + ∆)
(
√
κ1+
√
κ2S12(1−S22)−1)2
2 + i(ω + ωc + ∆)
. (44)
Therefore, we can further shift the spectrum by
an amount of ∆. For example, if a 50/50 beam-
splitter is used, i.e. S = 1√
2
[1 i; i 1], then G(iω) =
−(− (
√
κ1+i
√
κ2/(
√
2−1))2
2 + i(ω + ωc +
√
κ1κ2/(
√
2 −
1)))/(
(
√
κ1+i
√
κ2/(
√
2−1))2
2 +i(ω+ωc+
√
κ1κ2/(
√
2−1))).
6 Conclusion
In this paper the response of a class of quantum finite-
level systems to single-photon states has been investi-
gated. Analytic expression of the output single-photon
states has been derived. Single-photon pulse shaping by
means of coherent feedback has also been studied. The
future research would include the application of this
work to the hybrid coherent quantum networks driven
by single photons.
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